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1. Introduction
The Mittag-Leffler function has wide applications in many areas of physical sci-

ences, especially in fractional calculus and special functions. The Classical Mittag-
Laffler Function [7] (CMLF) is introduced by Swedish Mathematician Gosta Mittag
Leffler in 1903. This function was defined as follows for z ∈ C, α ∈ C

Eα(z) =
∞∑
n=0

zn

Γ(αn+ 1)
; Re(α) > 0 (1.1)
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Many researchers have extended the research work of Mittag-Leffler function. In
1930, the solution of the Abel- Voltra type equation in terms of Mittag-Leffler func-
tion was given by Hille and Tamarkin [5]. For α ∈ (01], a statistical distribution [5]
was discovered by Pillai (1990) in term of Mittag-Leffler function. This distribution
is defined as

Gα(z) =


1− Eα(−zα) =

∞∑
n=1

(−1)n+1zαn

Γ(αn+ 1)
; z > 0

0 ; z ≤ 0

 (1.2)

The solution of the kinetic equation N(t) − N0 = −wα 0D
−α
t N(t) was given by

Mathai, Saxena [5] and Haubold (2002) in term of Mittag-Leffler function such
that

N(t) = N0Eα(−wαtα) (1.3)

Various generalizations of the Classical Mittag-Leffler function Eα(z) with their
interesting and useful properties have been given by many researchers, which called
Generalized Mittag-Leffler Function (GMLF) or Mittag-Leffler Type Function. A
generalization of Eα(z) was studied by Wiman [16], Prabhakar [8], Shukla and
Prajapati [10]. A new generalization of Mittag-Leffler function was defined by
Salim and Faraj [14] for α, β, γ, δ ∈ C and s ≤ r +Re(α)

Eγ,δ,s
α,β,r(z) =

∞∑
n=0

(γ)sn
γ(αn+ β)

zn

(δ)rn
; r, s > 0 min{Re(α), Re(β), Re(γ), Re(δ)} > 0.

(1.4)
Some useful definitions, which form the basis of the main results, are given below.

2. Definitions

Definition 2.1. For λ ∈ C and 0 < |q| < 1, the q-shifted factorial is defined as

(λ; q)n =
n−1∏
k=0

(1− λqk) =
(λ; q)∞

(λqn; q)∞
; n ∈ N and (λ; q)0 = 1 (2.1)

[n]q! =
(q; q)n

(1− q)n
(2.2)

Definition 2.2. The q-analogue of power function (a− b)n is

(a− b)n =
n−1∏
k=0

(a− bqk); (a− b)0 = 1 (2.3)
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(a− b)n = an
(
b

a
; q

)
n

; a 6= 0 (2.4)

Definition 2.3. The q-Gamma function [2] is defined by

Γq(λ) = (1− q)1−λ(1− q)λ−1 = (1− q)1−λ (q; q)∞
(qλ; q)∞

(2.5)

and

Γq(λ+ 1) =
1− qλ

1− q
Γq(λ) (2.6)

Definition 2.4. The q-Beta function [2] is defined by

Bq(a, b) =
Γq(a)Γq(b)

Γq(a+ b)
=

∫ 1

0

za−1(1− qz)b−1dqz (2.7)

Definition 2.5. The q-derivative of function [2] is defined by

(Dqf)(z) =
f(z)− f(zq)

z − zq
; z 6= 0, q 6= 1 (2.8)

and

Dm
q z

n =
Γq(n+ 1)

Γq(n−m+ 1)
zn−m (2.9)

Definition 2.6. The q-integral of function f(z) is defined by∫ a

0

f(z)dqz = a(1− q)
∞∑
n=0

qnf(aqn) (2.10)

Definition 2.7. The q-Laplace transform [3] is defined as

qLs{f(z)} =
(q; q)∞
s

∞∑
j=0

qjf(s−1qj)

(q; q)j
(2.11)

Definition 2.8. The fractional q-integral operator [6] of order µ is defined as

Iµq f(z) =
1

Γq(µ)

∫ z

0

(z − qξ)µ−1f(ξ)dq(ξ); Re(µ) > 0 (2.12)

Definition 2.9. The fractional q-differential operator [6] of order µ is defined as

Dµ
q f(z) = Dk

q{Ik−µq f(z)}; k is the smallest integer s.t. k ≥ Re(µ) > 0 (2.13)
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3. Main Results
Motivated by the applications of q-extension of various special functions in the

field of mathematics, we have introduced and defined a new generalized Mittag-
Leffler function, called as q-analogue of generalized Mittag-Leffler function Eγ,δ,s

α,β,r

(z, q) by the help of equation (1.4) as

Eγ,δ,s
α,β,r(z; q) =

∞∑
n=0

(qγ; q)sn
(qδ; q)rn

zn

Γq(αn+ β)
; r, s > 0 and s ≤ r +Re(α), (3.1)

α, β, γ, δ ∈ C; min{Re(α), Re(β), Re(γ), Re(δ)} > 0
Where (λ; q)n is q-shifted factorial and Γq(n) is q-Gamma function.

Special case of Eγ,δ,s
α,β,r(z; q)

(a) For r = 1, s = 1, Equation (3.1) reduces to q-GMLF as defined by Sharma and
Jain [13]

Eγ,δ,1
α,β,1(z; q) =

∞∑
n=0

(qγ; q)n
(qδ; q)n

zn

Γq(αn+ β)
= Eγ,δ

α,β(z; q) (3.2)

(b) Putting r = 1, δ = 1, s = 1, Equation (3.1) reduces to q-GMLF as defined by
Sharma and Jain [12]

Eγ,1,1
α,β,1(z; q) =

∞∑
n=0

(qγ; q)n
(q; q)n

zn

Γq(αn+ β)
= Eγ

α,β(z; q) (3.3)

(c) On taking r = 1, δ = 1, s = p and z → z(1 − q), Equation (3.1) reduces to
q-Generalized Mittag-Leffler function as defined by Chanchlani and Garg [3]

Eγ,1,p
α,β,1(z(1− q); q) =

∞∑
n=0

(qγ; q)pn
(q; q)n

(z(1− q))n

Γq(αn+ β)

=
∞∑
n=0

(qγ; q)pn
Γq(αn+ β)

zn

[n]q!
= Eγ,p

α,β(z; q) (3.4)

Theorem 3.1. Convergence of Eγ,δ,s
α,β,r(z; q):

The q-analogue of generalized Mittag-Leffler function introduced by equation (3.1)
is convergent for |z| < (1 − q)−α when 0 < |q| < 1 and if q → 1 then this is
absolutely convergent for all value of z, provided that s < r +Re(α).
Proof. From the definition of q-Generalized Mittag-Leffler function given by the
Equation (3.1), we have

Eγ,δ,s
α,β,r(z; q) =

∞∑
n=0

(qγ; q)sn
(qδ; q)rn

zn

Γq(αn+ β)
=
∞∑
n=0

un (say)
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by applying ratio test, lim
n→∞

∣∣∣∣un+1

un

∣∣∣∣
⇒
∣∣∣∣(qγ; q)sn+s(qγ; q)sn

(qδ; q)rn
(qδ; q)rn+r

Γq(αn+ β)

(Γq(αn+ α + β))

zn+1

zn

∣∣∣∣
=

∣∣∣∣ (qγ+sn; q)∞
(qγ+sn+s; q)∞

(qδ+rn+r; q)∞
(qδ+rn; q)∞

(qαn+α+β; q)∞
(qαn+β; q)∞

(1− q)αz
∣∣∣∣

≤
∣∣∣∣ (1− q)α

(1− qαn+β)α
(1− qγ+sn)s

(1− qδ+rn)r

∣∣∣∣ |z|
=

{
(1− q)α|z| ; 0 < |q| < 1

0 ; q = 1
as n→∞

Hence function Eγ,δ,s
α,β,r(z, q) is convergent for 0 < |q| < 1 if |z| < (1−q)−α. Moreover

if q → 1 then equation (3.1) coincide with (1.4), which is generalized Mittag-Leffler
function given by Salim and Faraj [14]. which is absolutely convergent for all values
of z provided that s < r +Re(α).

Theorem 3.2. Recurrence Relation:
If α, β, γ, δ ∈ C, min{Re(α), Re(β), Re(γ), Re(δ)} > 0 and r, s > 0 with s ≤
r +Re(α) then

Eγ,δ,s
α,β,r(z; q) = Eγ+1,δ,s

α,β,r (z; q)− qr

1− qδ
zEγ+1,δ+1,s

α,α+β,r (z; q) +
qγ+1

1− qδ
zEγ+1,δ+1,s

α,α+β,r (qz; q)

(3.5)
Proof.

Eγ,δ,s
α,β,r(z; q) =

∞∑
n=0

(qγ; q)sn
(qδ; q)rn

zn

Γq(αn+ β)
=

1

Γq(β)
+
∞∑
n=1

(qγ; q)sn
(qδ; q)rn

zn

Γq(αn+ β)

=
1

Γq(β)
+
∞∑
n=1

(1− qγ)(qγ+1; q)sn−s
(qδ; q)rn

zn

Γq(αn+ β)

=
1

Γq(β)
+
∞∑
n=1

[(1− qγ+n)− qγ(1− qn)] (qγ+1; q)sn−s
(qδ; q)rn

zn

Γq(αn+ β)

=
1

Γq(β)
+
∞∑
n=1

(1− qγ+n)(qγ+1; q)sn−s
(qδ; q)rn

zn

Γq(αn+ β)

− qγ
∞∑
n=1

(qγ+1; q)sn−s
(qδ; q)rn

zn

Γq(αn+ β)
+ qγ

∞∑
n=1

(qγ+1; q)sn−s
(qδ; q)rn

qnzn

Γq(αn+ β)
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Replacing n by m+ 1 in second and third summation

=
∞∑
n=0

(qγ+1; q)sn
(qδ; q)rn

zn

Γq(αn+ β)
− qγ

1− qδ
∞∑
m=0

(qγ+1; q)sm
(qδ+1; q)rm

zm+1

Γq(αm+ α + β)

+
qγ

1− qδ
∞∑
m=0

(qγ+1; q)sm
(qδ+1; q)rm

(qz)m+1

Γq(αm+ α + β)

= Eγ+1,δ,s
α,β,r (z; q)− qr

1− qδ
zEγ+1,δ+1,s

α,α+β,r (z; q) +
qγ+1

1− qδ
zEγ+1,δ+1,s

α,α+β,r (qz; q)

Special case: On taking r = 1, s = 1, Equation (3.5) reduces to

Eγ,δ
α,β(z; q) = Eγ+1,δ

α,β (z; q)− qr

1− qδ
zEγ+1,δ+1

α,α+β (z; q) +
qγ+1

1− qδ
zEγ+1,δ+1

α,α+β (qz; q)

which gives the same result as given by Santosh Sharma and Renu Jain [13] in
2016, page 793.

Theorem 3.3. If the equation (3.1) is satisfied, then

Eγ,δ,s
α,β,r(z; q) = Eγ,δ,s

α,β,r(qz; q) + z(1− q)DqE
γ,δ,s
α,β,r(z; q) (3.6)

Proof.

Eγ,δ,s
α,β,r(z; q) =

∞∑
n=0

(qγ; q)sn
(qδ; q)rn

zn

Γq(αn+ β)
= f(z) (say)

⇒ f(qz) =
∞∑
n=0

(qγ; q)sn
(qδ; q)rn

qnzn

Γq(αn+ β)

DqE
γ,δ,s
α,β,r(z; q) =

f(z)− f(qz)

z − qz
=
∞∑
n=0

(qγ; q)sn
(qδ; q)rn

zn

Γq(αn+ β)

(1− qn)

(z − zq)

z(1− q)DqE
γ,δ,s
α,β,r(z; q) =

∞∑
n=0

(qγ; q)sn
(qδ; q)rn

zn

Γq(αn+ β)
−
∞∑
n=0

(qγ; q)sn
(qδ; q)rn

qnzn

Γq(αn+ β)

z(1− q)DqE
γ,δ,s
α,β,r(z; q) = Eγ,δ,s

α,β,r(z; q)− Eγ,δ,s
α,β,r(qz; q)

Theorem 3.4. Riemann-Liouville fractional q-integral of Eγ,δ,s
α,β,r(z; q): If Eγ,δ,s

α,β,r(z; q)
is q-analogue of generalized Mittag-Leffler function (3.1), then for fractional q-
integral operator of order µ

Iµq E
γ,δ,s
α,β,r(z; q) = zµ

Bq(n+ 1, µ)

Γq(µ)
Eγ,δ,s
α,β,r(z; q); Re(µ) > 0 (3.7)
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Proof. On using equation (3.1) and (2.12), we have

Iµq E
γ,δ,s
α,β,r(z; q) =

1

Γq(µ)

∫ z

0

(z − qξ)µ−1Eγ,δ,s
α,β,r(ξ; q)dqξ

=
1

Γq(µ)

∫ z

0

(z − qξ)µ−1
(
∞∑
n=0

(qγ; q)sn
(qδ; q)rn

ξn

Γq(αn+ β)

)
dqξ

=
1

Γq(µ)

∞∑
n=0

(qγ; q)sn
(qδ; q)rn

1

Γq(αn+ β)

∫ z

0

(z − qξ)µ−1ξndqξ

=
1

Γq(µ)

∞∑
n=0

(qγ; q)sn
(qδ; q)rn

1

Γq(αn+ β)

∫ z

0

zµ−1
(
qξ
z

; q
)
∞(

qµξ
z

; q
)
∞

ξndqξ

setting ξ = zt, then we get

=
1

Γq(µ)

∞∑
n=0

(qγ; q)sn
(qδ; q)rn

zµ+n

Γq(αn+ β)

∫ 1

0

tn
(qt; q)∞
(qµt; q)∞

dqt

⇒ Iµq E
γ,δ,s
α,β,r(z; q) = zµ

Bq(n+ 1, µ)

Γq(µ)
Eγ,δ,s
α,β,r(z; q)

Corollary.

Iµq E
γ,δ,s
1,1,r(z; q) = zµEγ,δ,s

1,µ+1,r(z; q); Re(µ) > 0 (3.8)

Proof. On setting α = 1, β = 1 and Bq(n + 1, µ) =
Γq(n+ 1)Γq(µ)

Γq(n+ µ+ 1)
in equation

(3.7)

Special case. Putting r = 1, s = 1, δ = 1 in above corollary, we get

Iµq E
γ
1,1(z; q) = zµEγ

1,µ+1(z; q) (3.9)

which gives the same result as given by Sharma and Jain [12] in 2014, page 617.

Theorem 3.5. If the condition of (3.1) is satisfied, then for v ∈ C, α > 0 and
v 6= 0,−1,−2,−3, ... the following integral formula holds true∫ 1

0

zβ−1(1− qz)v−1E
γ,δ,s
α,β,r(wz

α; q)dqz = Γq(v)Eγ,δ,s
α,β+v,r(w; q) (3.10)
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Proof. Let ∫ 1

0

zµ−1(1− qz)v−1E
γ,δ,s
α,β,r(wz

p; q)dqz

=

∫ 1

0

zµ−1(1− qz)v−1

(
∞∑
n=0

(qγ; q)sn
(qδ; q)rn

wnzpn

Γq(αn+ β)

)
dqz

=
∞∑
n=0

(qγ; q)sn
(qδ; q)rn

wn

Γq(αn+ β)

∫ 1

0

zµ+pn−1(1− qz)v−1dqz

=
∞∑
n=0

(qγ; q)sn
(qδ; q)rn

wn

Γq(αn+ β)
Bq(µ+ pn, v)

=
∞∑
n=0

(qγ; q)sn
(qδ; q)rn

wn

Γq(αn+ β)

Γq(µ+ pn)Γq(v)

Γq(µ+ pn+ v)

In particular, setting p = α and µ = β, we get

∫ 1

0

zβ−1(1− qz)v−1E
γ,δ,s
α,β,r(wz

α; q)dqz =
∞∑
n=0

(qr; q)sn
(qδ; q)rn

wnΓq(v)

Γq(αn+ β + v)∫ 1

0

zβ−1(1− qz)v−1E
γ,δ,s
α,β,r(wz

α; q)dqz = Γq(v)Eγ,δ,s
α,β+v,r(w; q)

Theorem 3.6. Fractional q-Derivative of Eγ,δ,s
α,β,r(z, q): if α, β, γ, δ ∈ C and r, s > 0

with µ = 1, 2, 3, ... then

Dµ
q

[
zβ−1Eγ,δ,s

α,β,r(z
α; q)

]
= zβ−µ−1Eγ,δ,s

α,β−µ,r(z
α; q) (3.11)

Proof. Let

f(z) = zβ−1Eγ,δ,s
α,β,r(z

α; q)

= zβ−1
∞∑
n=0

(qγ; q)sn
(qδ; q)rn

zαn

Γq(αn+ β)

f(zq) = qβ−1zβ−1
∞∑
n=0

(qγ; q)sn
(qδ; q)rn

(zq)αn

Γq(αn+ β)
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by the help of equation (2.8)

Dq

{
zβ−1Eγ,δ,s

α,β,r(z
α; q)

}
= zβ−1

∞∑
n=0

(qγ; q)sn
(qδ; q)rn

zαn

Γq(αn+ β)

(1− qαn+β−1)
(z − qz)

= zβ−2
∞∑
n=0

(qγ; q)sn
(qδ; q)rn

(z)αn

Γq(αn+ β − 1)

= zβ−2Eγ,δ,s
α,β−1,r(z

α; q)

Again operating Dq both sides, we get

D2
q

{
zβ−1Eγ,δ,s

α,β,r(z
α; q)

}
= zβ−3Eγ,δ,s

α,β−2,r(z
α; q)

If the process is repeated, then we get

Dµ
q

{
zβ−1Eγ,δ,s

α,β,r(z
α; q)

}
= zβ−µ−1Eγ,δ,s

α,β−µ,r(z
α; q)

Corollary. if ω any arbitrary constant and γ, δ ∈ C, r, s > 0 then following result
hold true

Dµ
q

{
Eγ,δ,s

1,1,r(wz; q)
}

= (wz)−µEγ,δ,s
1,1−µ,r(wz; q); Re(γ) > 0, Re(δ) > 0 (3.12)

Proof. Replacing z by wz in equation (3.8), we have

Iµq E
γ,δ,s
1,1,r(wz; q) = (wz)µEγ,δ,s

1,µ+1,r(wz; q)

⇒ Ik−µq Eγ,δ,s
1,1,r(wz; q) = (wz)k−µEγ,δ,s

1,k−µ+1,r(wz; q)

Now if k is smallest integer with k ≥ Re(µ), then

Dk
q

{
Ik−µq Eγ,δ,s

1,1,r(wz; q)
}

= Dk
q

{
(wz)k−µEγ,δ,s

1,k−µ+1,r(wz; q)
}

Dµ
qE

γ,δ,s
1,1,r(wz; q) = (wz)−µEγ,δ,s

1,1−µ,r(wz; q)

Theorem 3.7. q-Laplace Transform of Eγ,δ,s
α,β,r(z; q);

qLs

{
Eγ,δ,s
α,β,r(wz

p; q)
}

=
1

s

∞∑
n=0

(qγ; q)sn
(qδ; q)rn

Γq(1 + pn)

Γq(αn+ β)

(
ω(1− q)p

sp

)n
(3.13)
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Proof. q-Laplace transform of f(z) is given by the definition 2.7 now according
(3.1), we have

Eγ,δ,s
α,β,r(wz

p; q) =
∞∑
n=0

(qγ; q)sn
(qδ; q)rn

ωnzpn)

Γq(αn+ β)
= f(z) say (3.14)

⇒ f(s−1qk) =
∞∑
n=0

(qγ; q)sn
(qδ; q)rn

ωns−pnqkpn

Γq(αn+ β)
(3.15)

Now using (3.15) in equation (2.11), we have

qLs

{
Eγ,δ,s
α,β,r(ωz

p; q)
}

=
(q; q)∞
s

∞∑
k=0

qk

(q; q)k

(
∞∑
n=0

(qγ; q)sn
(qδ; q)rn

ωns−pnqkpn

Γq(αn+ β)

)
By interchanging the order of summations

=
(q; q)∞
s

∞∑
n=0

(qγ; q)sn
(qδ; q)rn

ωns−pn

Γq(αn+ β)

∞∑
k=0

q(1+pn)k

(q; q)k

=
1

s

∞∑
n=0

(qγ; q)sn
(qδ; q)rn

ωns−pn

Γq(αn+ β)

∞∑
k=0

(q1+k; q)∞q
(1+pn)k

Using result
∞∑
j=0

(q1+j; q)∞q
(1+σn)j = Γq(1 + σn)(1− q)σn

=
1

s

∞∑
n=0

(qγ; q)sn
(qδ; q)rn

Γq(1 + pn)

Γq(αn+ β)

(
ω(1− q)p

sp

)n
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